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M3150 PDEs midterm 2 (Spencer Stirling) - March 30, 2009

Directions: Use both the front and back of the paper for your solutions.

1) (2 points) Consider the 1-d heat equation on a rod of length L
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where u(z,t) is an unknown function. Determine (and SHOW YOUR WORK) if this equation is elliptic,

hyperbolic, or parabolic.
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2) (2 point) Consider the heat equation as above with the boundary conditions i
u(0,t) x u(L,t) =1 (2)

Is this PDE with these boundary conditions linear or nonlinear? If it is linear then determine if it is homo-
geneous or inhomogeneous (SHOW YOUR REASONING - guessing is worth nothing).
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3) Consider the problem of a vibrating string of length L = 1 meter. Assume that the string is made of a

~-material-such-that-the-speed-of-wave-propagation-is-¢-=-1-m/s-Furthermore assume-that-the-ends-of the —— -~ —*
string are tacked down and do not move. Suppose the string is initially deformed and can be described by :
the function

1
f(z) = sin(mrz) + 3 sin(37z) + 3 sin(7rz) (3)
Furthermore suppose that the string has some initial velocity described by the function
g(z) = sin(27z) (4)

a) (2 points) Write down the correct PDE with boundary/initial conditions that describes this problem
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b) (4 points) Solve the problem, i.e. find the solutionzﬁ 7z, t)éifsglg the method of separation of variables. - .
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place more work here
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4) Consider a 1-dimensional rod (a w1re) of Iength L = 7 meters that 1n1t1ally has a temp erature distribution
-given-by the function-- . - S
100 O0<z<m/2

flz) = { / (5)

0 elsewhere

Assume that the ends of the wire are kept in a bath of antifreeze kept at 0° and that the thermal diffusivity
2
- isef=1.
\ a) (2 points) Write down the correct PDE with boundary /initial conditions that describes this problem
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b) (4 points) Solve the problem, i.e. find the solution u(z,t) using the method of separation of variables.
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5) (4 points) Consider a vibrating string of length L = 10 meters such that the end z = 0 is tacked down at

~---—a-height-5-meters -and the-end-z-=-10-is-tacked-down-at-height-0-meters- Write down-the-appropriate PDE - -~ -

and boundary conditions (I did not specify an initial condition here). Find the steady-state solution u(z,t)
to this problem. (Remark: you have been finding steady-state solutions to the heat equation. This is NOT
that situation. Note that a perfect (dissipationless) string will vibrate forever once set in motion - this differs
from the heat equation where we know that the solution will approach a steady state as ¢ — co. In order to
get to a steady state we would need to put an extra “friction term” into the PDE... or we can simply start
in the steady state and remain there forever. Don’t worry about the friction term for now).
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