WITTEN’S APPROACH TO THE MORSE INEQUALITIES
USING ELLIPTIC THEORY

SPENCER STIRLING

ABsTRACT. In this paper we review an approach to Morse theory pioneered
by Edward Witten in 1982 [1]. First we start with the statements of classical
Morse theory and the Morse inequalities. Next we introduce Witten’s idea of
a perturbed Laplacian acting on the de Rham complex, and then using the
elliptic theory we prove the Morse inequalities.

1. CLASSICAL MORSE THEORY

Let M be a manifold (for simplicity we restrict our attention to compact man-
ifolds). Then a smooth function h : M — R is called a Morse function if the
critical points m; are non-degenerate, i.e. if the Hessian! at each critical point is a
non-degenerate (bilinear symmetric) form.? This implies that a Morse function has
isolated critical points. Since we restrict our attention to compact manifolds, this
also means that we have a finite number of critical points.

The first idea of Morse theory is that the topology of the manifold does not
change in between the critical points; i.e., letting M. = {m € M : h(m) < c € R},

I'Note that the Hessian (of a function h : M — R) on a manifold M without a Riemannian
metric is defined only at a critical point m by
Hp(X,Y)=X-(Y - h)(m).
This expression is tensorial (i.e. depends only on the values of X and Y at m), which is easily
seen by considering
Hp(X, fY) = X - (fY - h)(m) = fX - (Y - h)(m) + (X - f)(V - h)(m).

The last term drops out at a critical point, showing that the Hessian is bilinear there. The Hessian
is also symmetric under exchange of X and Y since X(Yh) — Y(Xh) = ([X,Y])h vanishes at a
critical point of h.

In local coordinates, this is just the matrix

2
Hy = (a—h) .
ortoxd

On a Riemannian manifold we can define the Hessian everywhere as
Hp(X,Y) = X - (Y - h)(m) — (VxY) - h(m).

This formula reduces to the formula given above at a critical point since the second term vanishes
there, but it is easy to see that this expression is both tensorial and symmetric (from the fact that
the Levi-Civita connection is torsion-free) everywhere.

2Since H}, is a symmetric bilinear form, we can choose a basis e1, €2, ..., en of Tj, M such that

o 0ifi #j
Hp(eise5) = { +lor0ifi=j [°
The nullity is the dimension of the kernel (= 0 for a non-degenerate form).
The indez is defined to be the number of (—1)’s. It is a routine linear algebra exercise to verify

that these quantities are independent of the choice of basis.
1
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the topology of M, does not change as ¢ varies unless ¢ passes through a critical
value.

The second idea of Morse theory is that the change in topology as ¢ passes
through a critical value is determined by the form of the Hessian at the critical
value. In particular, the indezr of the Hessian determines completely the change in
topology.

Hence, we should be able to compute topological invariants in terms of the critical
points. For example, we might want to calculate the cohomology of the manifold.
This will be our main goal, in fact.

First we must produce a canonical form for the Morse function near a critical
point. This will allow us to make the necessary local computations. The canonical
form is furnished by the following lemma, which is proved in all standard texts such
as [3].

Lemma 1.1. Leth: M — R be a Morse function. Then around each critical point
m; there exists local coordinates (x7) such that the Morse function has the form

1 2
h(z) = 5 D Xj(@)? + h(my).
Here the number of negative A; is equal to the index of the critical point.

Using this theorem, the standard approach to Morse theory [3] proves the fol-
lowing result using a CW-complex decomposition for M. This result (the so-called
Poincare polynomial) relates the number M, of critical points of index p to the pt"
Betti number 3, of the real cohomology H' (M;R):

(1.1) DM =" Bpt? = (1+1) > Qpt.

Here the @), are nonnegative coeflicients, and ¢ is just some formal parameter that
we can vary as necessary. The result is called the Strong Morse Inequality. A
priori, it is clear that the strongest statement would result if we could find a Morse
function h such that the @, all vanish. Such a Morse function is called perfect.

A weaker statement which is an easy consequence of equation 1.1 is called the
Weak Morse Inequality:

(1.2) My > Bp.

It will be our goal to prove these inequalities using a different method than the
classic CW-complex construction.

2. WITTEN’S PERTURBED LAPLACIAN: IDEA

Equations 1.1 and 1.2 relate the critical points of a Morse function h : M — R to
the Betti numbers of the real cohomology H'(M;R). But it is well-known that the
real cohomology is isomorphic to the de Rham cohomology H;g (M), so it makes
sense to study the Morse inequalities using de Rham theory.

The de Rham cohomology Hfg (M) = ker(d |q,(am))/im(d |o,_,(m)) is con-
structed from the de Rham complez:

(2.1) QM) S0, (M) S 5, (1).
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Here the Q,(M) denote the p-forms in the exterior algebra A'T*M, and dim M = n.
Implicit in the classification of equation 2.1 as a complex we necessarily require
d?* =0.

If we adorn the manifold M with a Riemannian structure, then the exterior
algebra above can also be given a natural Clifford algebra structure, which defines
a Dirac operator D [2]. In fact, we can calculate a formula for the Dirac operator
in this case: D = d+ d*. A complex with a D defined by this formula is known as
a Dirac complex.

Since our goal is to study the cohomology of this complex, we need to pick a
representative p-form w which generates each cohomology class [w] € H;jg(M).
Hodge theory [2] provides a canonical way to choose this representative. In fact,
what Hodge theory says is that the cohomology vector space is isomorphic to the
vector space spanned by the so-called harmonic forms.

In other words, for every cohomology class we have precisely one harmonic form
as the representative. As a reminder, a form w is called harmonic if D*w = 0 (in
fact, this equation implies that Dw = dw = d*w = 0 separately).

So now it is only necessary to count harmonic forms. This simplifies our lives
considerably since we only need to solve the harmonic equation D2w = 0 to count
the cohomology classes (find the Betti numbers).

2.1. Witten’s perturbed complex. At this point we know that to count the
Betti numbers it is only necessary to count the harmonic forms. But Equations 1.1
and 1.2 relate these Betti numbers to the number of critical points of a (as yet not
mentioned) Morse function h : M — R. How is this achieved?

What Witten realized was that we should not study the usual Dirac operator
D as found above (which has nothing to do with the Morse function), but rather
a perturbed Dirac operator D, which does have something to do with the Morse
function h (the subscript s, which denotes a positive real number, will be explained
shortly).

First, it is easy to see that multiplication of p-forms by e *" induces an (invert-
ible) automorphism of the de Rham complex in equation 2.1 (in particular, we can
just multiply by e*" to undo the transformation). In order to make this induce an
isomorphism on the cohomology H;p(M) (preserve the Betti numbers) we must
also conjugate d by this same element, i.e. define d; = e~*"de*" = d + s(dhA) (so
that d,w; = e~*"de*he*"w = (dw),; i.e. closed forms remain closed, and exact
forms remain exact).

So now we have a different Dirac complex with isomorphic cohomology, the so-
called perturbed (or Witten) complex:

sh

(2.2) QM) B o0nS ... 5 0,(M).
The corresponding Dirac operator is just Dy = ds + di where df = (d;)* =
e*hd*e=*" = d* — s(dh.) (L denotes interior multiplication).?

The results of Hodge theory carry over verbatim (in fact Hodge theory is formu-
lated for all Dirac complexes, not just the de Rham complex), and hence we merely
need to count the harmonic forms for the perturbed Laplacian DZ.

3Warning! The Dirac operator Ds = D + s((dhA) — (dh_)) is what is known as a generalized
Dirac operator, since it is not actually the Dirac operator for the Clifford bundle. Instead it has
an extra zero-order endomorphism. The elliptic theory used here is still valid for any extra piece
up to first-order.
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As we will see in the next subsection, the perturbed Laplacian takes the form
in suitable local coordinates D2 = D? + s? | dh |* +s9), where §), is a bounded
zero-order operator. Letting w be harmonic (D2w = 0), we have

0 = ((D*+ s | dh |* +s9p)w,w)
= (Dw,Dw) + s? | dh |? (w,w) + s (Hpw,w)

The first two terms are positive, and the last term is bounded by s || 95 || (w,w)
since ), is a bounded operator.

The important point here is that, by choosing s large, the middle term will
dominate - as long as we keep ourselves away from any critical points (so | dh |?
is bounded strictly away from zero). Hence, if we desire that D2w = 0 (recall we
are looking for harmonic forms) then in this region w must be vanishing rapidly for
large s to counteract the rapid growth of the middle term.

Near the critical points, however, is a different story. Since | dh |>~ 0, the middle
term does not contribute, and hence w does not need to rapidly decrease there for
large s. So the effect of taking s — oo is to concentrate the harmonic forms around
the critical points.

This is not a proof, but it does build our intuition as to how the harmonic forms
(and hence the Betti numbers) are related to the critical points of a Morse function.
What we’ll show is that there is at most one harmonic form near each critical
point which is not vanishing uniformly as s — oo, yielding the weak inequality 1.2
immediately. Our argument will be slightly more sophisticated and will actually
yield the stronger inequality 1.1.

2.2. Local expression for the perturbed Laplacian. As mentioned, we must
find a local expression for the perturbed Laplacian D2.* The following calculation
does not depend on whether M is compact or not (so, in particular, it applies to
R” also). To this end, we first look for a local expression for the perturbed Dirac
operator Dy:

D, =d; +ds =d" +d+ s(dh A —dhJ).

Pick a local orthonormal frame e;. Since we are thinking of the exterior bundle
A'T*M as a Clifford bundle, we have both a left and right Clifford multiplica-
tion.® In fact, these actions commute (by associativity of the Clifford algebra, or
by checking the formulas directly).

Now denote left multiplication of e € TM on w € A'T*M by L.w, i.e.

Lw=e¢e-w.

4The following is almost completely (and shamelessly) stolen from [2]. It is included here for
completeness.

5Usua11y we have only a left multiplication defined on the (left) Clifford module structure.
But here the Clifford module is just the Clifford algebra itself, hence we have a natural right
multiplication.

In fact, it is easily shown that left multiplication of e € TM on w € A'T*M is given by the
formula

e-w=eA+ey,

and similarly right multiplication is given by

w-e=(—1)"2kY (e A —el).
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Define a (skew) right multiplication R.w by
Rew = (—1)de8meewy, . ¢,

So then L, and R, anticommute, which is easily checked.

In this notation and framing we have

Dsw = Dw + s(dh A —dha)w = Z L.iVjw+s(ej-h)Re;w.
J
Squaring this gives
D} =) (LeiVjw + 5(ej - B)Re;w) (Lei Viw + s(e; - h) Reyw)
2%
which is just
(2.3) D2 =D? 4+ 5% | dh |? +s9p-
Here $);, is a zero-order endomorphism given by the formula
Ny = Z Hh(eia ej)Lei Rej
i,

where Hy, is the Hessian of h. The above formulas can be obtained from the facts
that L and R anticommute and that 3_, ; Re, Re; = >, s

Now, if we are in flat (Euclidean) space equipped with Morse coordinates as

in lemma 1.1 (so we have a single critical point at the origin), then equation 2.3
reduces to

(2.4) Dz = Z (- (%) +32()\j$j)2+$)\ij>

dim M
where Z; = [dz? 1, dz? A] takes the value +1 on a basis element dz®* A --- A dz®* if
j € {21,,Zk} and —1if j ¢ {il,...,ik}.

2.3. The spectrum of the perturbed Laplacian on R". It remains to find
the spectrum of D2 so that we can find the zero eigenvalues. This is easy for the

Euclidean plane R" from equation 2.4. Let Y; = — (%)2 + 5%(X\j27)2, so then
Dz = z (ij + S/\ij) .
dim M

In terms of a basis {dz® A --- A dz®} for the exterior bundle, Z; is just a constant
diagonal matrix (made up of £1’s). Thus, all Z and Y operators commute, and
hence these operators can be simultaneously diagonalized.

If we limit ourselves to L?(R"), then the spectrum of Y; is well known from the
study of the harmonic oscillator, and it is just

s|Aj | (1+2pj) pj =0,1,2,....

Furthermore the spectrum from Z; is just ¢; = —1,1, which follows from the
comment after equation 2.4.
Putting these results together, the spectrum for equation 2.4 is given by

(2-5) SZ(l Aj | (1+2pj) + Ajgg) -

J
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This only vanishes if p; = 0 and if g; is +1 if \; is negative and —1 if )\; is positive.®
These conditions determine a single eigenform wy completely as (normalized)

(2.6) wp = s"/27r_"/4H | A [Y2] exp —sz | A | (29)?/2 | do®t A... Adz'>,
J J

where {)i,,..., A, } are the negative coefficients in the Morse lemma 1.1. This is
the only eigenform of D? with vanishing eigenvalue (the rest are positive).

3. THE PROOF

We are ready to attack the Morse inequalities directly. Let M be a compact
manifold with some Riemannian metric (we’ll construct a convenient one later),
and let h: M — R be a Morse function.

Consider the following construction from functional calculus [2]: let ¢ : R — Rt
be a smooth rapidly decreasing function such that ¢(0) = 1. We know from elliptic
theory that the eigenvalues 0 < A9 < A\; < ... of D? are nonnegative, discrete,
do not have an accumulation point (in particular only finitely many \;’s may be
equal to one another), and tend to infinity. Furthermore, the set of (orthogonal)
eigenforms w; span the entire Clifford bundle (in this case the exterior bundle). So
if w € A'T*M then we can decompose w = ). a;w; for some coefficients a;.

Now construct an operator, denoted ¢(D?), by ¢(D?)w = >, aip(Xi)wi. It
follows from functional calculus [2] that this operator is bounded, trace-class, and
smoothing (has a smoothing kernel).

With this in mind, consider the quantity

(3.1) pp = tr (6(D3 lo, (a)))-
Here we have named it p, in anticipation that, in the limit of large s, this will just
become the number of critical points of h with Morse index p, i.e. p, Spe M,.
The bulk of our work will be in proving this. Granting this for now, the following
proposition then proves the Morse inequality 1.1:
Proposition 3.1. For each s > 0 we have the relation 3 upt? — 3 Bpt? =
(L+1) 3", Qpt? where Qp is a nonnegative number.
Proof. We have shown that, for each 0 < p < dim M — 1, the Betti number 3,
is the dimension of the kernel of D? |q (i) (the harmonic forms). We also know
from elliptic theory, as mentioned previously, that the spectrum of D2 |Qp( M) is
nonnegative, discrete, and does not accumulate. Thus for each s we can pick a
smooth cutoff function ¢, : R — Rt such that ¢;(0) = 1 and ¢5()) = 0 for
any nonzero eigenvalue A of D2. These observations together imply that 3, =
tr (¢s(D3 |a,(m)))-

We are free to choose 55 < ¢, so then

(6 — ds)(N) = A5 (N))?

where 15 is a smooth, rapidly-decreasing function.
Using this expression, we have

(1 = Bp)t? = tr (& — 65)(D3 la, a)))¥ = tr (D3 (%s(D} |, (a))) )t

61t is not hard to show (using local submersion theorem) that gemerically (i.e. for small
perturbations of h) the only way that equation 2.5 vanishes is under these conditions.
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But D? = d,d* + d’ds, and furthermore

tr (dsdf (Vs (D3 |, m)))?) = tr(s(D3 |a, ) dsdss(D? |o, (ar)))
cyclicity = tr (d5 (¥s(D3 |a,(m)))*ds)
commutativity = tr (dyds (¥s(D? |o,_ (m)))?)

The first equality follows from the fact that 1)5(D?) is trace-class and dsdivs(D?)

is bounded, and the second equality follows from the fact that both ,(D?)d, and

d’,(D?) are bounded and Hilbert-Schmidt [2]. The third equality follows from

the fact that ds, commutes with (¢5(D3 |q,(ar)))?, at a cost of lowering p — p — 1.
Collecting these results, we see that

(p — Bp)t? = (tr (dids (¥s(D? |, (a)))?) + tr (dids (s (D3 |a,_,(a)))?)) 2.

Summing over each dimension and telescoping the series gives

D (hp = Bp)t? = (t+1) Y tr (d5ds (v5(D5 o, (an)) ).

p p

But we notice that
tr (dyds (s (D3 lo,(a0)))?) = tr (A545) >0
where A; = ds1)5(D? lo,(ar))- This proves the inequality. a

We will busy ourselves with the rest of the proof showing that i, *=5° M,

One trick we need is to choose ¢ to be an even function, which allows us to
perform calculations using ¢(D;) instead of ¢(D?) when necessary. This will some-
times be helpful, and by abuse of notation we will often switch between the two
without mention.

Now we can construct a Riemannian structure on M as follows. Since we have
a Morse function h : M — R on our compact manifold, we are dealing with a
finite number of isolated critical points m;. Using the Morse lemma 1.1, pick
a neighborhood around each critical point and define the metric to be flat with
respect to the Morse coordinates on this neighborhood. Then, using a partition of
unity, we can easily patch together this metric with an arbitrary metric away from
the critical points.

Having now a Riemannian structure on M (locally flat near each critical point),
choose a number p small enough such that around each critical point we can assure
that the metric is flat at least to a distance 4p. Now choose a different partition of
unity {4, B;} such that for each critical point m; we have that B; is supported in a
3p-neighborhood of m; and is equal to unity on a 2p-neighborhood (so the manifold
is flat on supp B;). The function A is supported outside a distance 2p (away) from
every critical point and is unity at a distance of 3p. Then we have that, for every
point m on the manifold M

A(m) + ZB,(m) =1.

Denote the smoothing kernel of ¢(D?) by ks(m1, ma) where mi,ms € M. Then,
by the general theory of smoothing operators [2], the trace in equation 3.1 can be
written as an integral:

iy = tr ($(D? |, (a1y)) = / tr (k2 (1m, m)) vol(m).
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Plugging the partition of unity into this integral expression gives
(3.2)

/trkf(m,m) vol(m) = /trkg’(m,m)A(m) vol(m)+2/trkf(m,m)Bi(m) vol(m)

First, we wish to show that, in the limit of s — oo, the region away from the
critical points does not contribute to the trace (the first term in the above equation
vanishes).

Then we will calculate the contribution from the critical points by calculating
the sum in the second term. What we will see is that, in the limit, each critical
point of index p contributes a 1, and other critical points contribute nothing.

§—00

Taken together, these results show indeed that u, = M,.

3.1. Away from the critical points. As advertised, first we need to show that
the region on M away from the critical points contributes nothing to the trace. So
our goal is to show that in equation 3.2 the term

(3.3) / tr kP (m, m) A(m) vol(m)

vanishes as s — 0o.

But this integral is cut off to a region that supports A (supported away from the
critical points). So by Lebesgue’s Dominated Convergence Theorem, the following
proposition shows that the contribution to the trace away from the critical points
vanishes as s — 00.

Proposition 3.2. Qutside of a 2p-neighborhood of the critical points m;, the
smoothing kernel of ¢(D?) tends uniformly to zero as s — oo.

Proof. We are considering the case that M is compact, hence away from the critical
points we obtain a constant C' such that | dh |> C > 0 (note that this same
argument will apply to the open manifold R” equipped with Morse coordinates as
in lemma 1.1 since we have only a single critical point in this case).

Let w € L2(M) be supported outside a 2p-neighborhood of the critical points.
Then using equation 2.3, and by the above considerations, we have for large enough
s the bound

1
(D2w,w) > 10232 w3 .
7 This equation implies that D? is a (formally self-adjoint) positive operator away
from the critical points, hence it’s square root operator D is positive and bounded
below by %C s.

By the spectral theorem we then see that the L? operator norm of ¢(Ds) is
bounded above by

o(s) =sup {| 600 - > 551

where ¢(s) is vanishing rapidly as s — oo. In other words, for every w supported
away from the critical points we have

(3-4) | ¢(Ds)w [lL2< e(s) [l w |22 -

"Notice that the same choice of s works for all such w since in equation 2.3 the operator D? is
positive and the operator $j; is bounded.



WITTEN’S APPROACH TO THE MORSE INEQUALITIES USING ELLIPTIC THEORY 9

This is nearly what we want. What we really want to show is that there exists
a ¢1(s) which rapidly vanishes as s — oo such that

(3.5) | $(Ds)w [[L< er(s) [| w [l -

Then, using the fact that L! is dual to L, this shows that the smoothing kernel
of ¢(Ds) vanishes in the L* norm as s — oo, which finishes the proof.

So it remains to show that equation 3.4 leads to equation 3.5. Let W* denote
the kth Sobolev space, and let the following norms be Sobolev norms. Garding’s
inequality says

lw lle+1< Celll @ lle + || Dsw [|1)-

Using this, it can be shown [4] that the operator (1 + D?)~1 is bounded as an
operator from WP to WP*+2 (the bound being a polynomial in s), so repeated
application shows that (1 + D2)~* is bounded from W° = L? to W2*. Now the
Sobolev embedding theorem says that if 2k > % then W2k C L*°.

Summarizing, we see that if 2k > 2 then (1 + D?)~* is a bounded (by a poly-
nomial in s) operator from L? to L. This gives

| ¢(Ds)ew || ze- I (14 D3)~*(1 + D3)**(1+ DF) *$(Da)w ||ree

< poly(s) || (1 + D2)2*(1 + D2)~*¢(D, ) |12

Now every factor in the above equation commutes since ¢ is an even function
(so ¢(Ds) can be thought of as ¢(D?)), so this is just

= poly(s) | (1 + D3)*¢(Ds)(1 + D7) *w |2
= poly(s) || ¢(Ds)(1+ D3)~*w |2

where a is also an even, rapidly decreasing function.

We can use duality again to finish the proof. Since (1 + D2)~% : L2 — L is
bounded, we have that ((1 + D2)~%)* : (L*>°)* = L' — (L2)* = L? is bounded.
But (1 + D2)~* is self-adjoint, so we really have that (1+ D2)~% : L' — L2 is also
bounded (again, by a polynomial in s).

Applying equation 3.4 and this last bound, we have that

poly(s) || $(Ds)(1 + DZ)*uw |2
poly(s)e(s) | 1+ DY)~ *w llz=
c1(s) [ w [l

INIA I

where ¢; (s) = poly(s)poly(s)c(s) is vanishing as s — co. This proves equation 3.5,
which proves the proposition. O

3.2. Contribution from the critical points. The only remaining task is to cal-

culate the sum around the critical points (the last term) in equation 3.2. So consider
the expression around a single critical point

(3.6) /tr kP (m, m)B(m) vol(m)

where we have dropped the index on B. Recall that B is supported in a 3p-
neighborhood of the critical point, and is unity on a 2p-neighborhood.
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But we know that on supp B the manifold M is Euclidean, hence we obtain®
/ tr kP (m, m)B(m) vol(m) :/ tr kP (m, m)B(m) vol(m).
M Rn

Here the subscript M on the LHS was left implicit before, but now we explicitly
decorate the integrals so as to contrast it with the RHS.

Now, on R™ (choosing the standard metric) we can play the same game that
we played on M. First, we can give R” a Morse function by simply defining h :
R? — Rt as in lemma 1.1. Then manifestly we have only one critical point (at
the origin). Define cutoff functions A and B on R” as in equation 3.2. Then,
rearranging equation 3.2 (but applied to R"), we find the expression

/ tr k2 (m, m)B(m) vol(m) = / 4 k2 (m, m)vol(m) - / tr k2 (m, m) A(m) vl ()

But the last term on the RHS vanishes as s — oo by proposition 3.2 (which also
applies to R™ in this situation, as discussed). Hence we have that

/ tr (k2 (m, m)) B(m) vol(m) "25° / 4 K2 (m, m)vol(m).

Again, using the general theory of smoothing operators (this time on an open
manifold), we have that the RHS is just

[ R, mvol(m) = w1y (62 oy i)

The trace on the right is just the sum over ¢(eigenvalues) of D? (restricted to p-
forms) in Euclidean space. The analysis in R* was already performed in subsection
2.3. It follows from equation 2.5 that, in the limit s — oo, this trace just counts the
number of zero eigenvalues of D? |QP( M), since the nonzero eigenvalues diverge with
s (and hence are killed by ¢). From equation 2.6 we have only 1 “zero” eigenform
for D2, and it is a p-form if the critical point m; has index p. In other words, the
RHS is just 1 if the critical point m; has index p, and is zero otherwise. Thus, the
trace in equation 3.1 does indeed approach M,, as s = oo. This proves the theorem.
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